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It is shown that the inclusion mapping from Zp into 1” is (2p4/(pn - 2p T 2q), I)- 
absolutely summing if 1 < p < q Q 2 and (p, l)-absolutely summing if 
1 gp<2<q< co or 2<pgq< co. As a corollary, it follows that 
a (p, I)-absolutely summing operator, p > 1, need not have the Dunford- 
Pettis property; this observation answering a question raised by Pelczynski. 
1. INTRODUCTION AND PRELIMINARY IDEAS 
Following Mitiagin and Pelczynski [7], we say that a bounded 
linear operator T between Banach spaces X and Y is (p, q)-absolutely 
summing, 1 ,< q <p < co, provided that the following condition 
holds. 
(1) There exists a constant M, independent of n, such that, for 
all finite subsets {x1 ,..., xn} of X, we have 
Condition (1) is clearly equivalent to 
* A preliminary version of these results was presented at the conference on Banach 
space theory held at Louisiana State University in April 1972. 
t During the preparation of this manuscript the author was supported by a grant 
from the National Science Foundation. GP 33694. 
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whenever {xi}& is a sequence of elements of X with the property that 
for each f E X”. 
Several authors have studied the summing properties of inclusion 
mappings between 1P spaces and the following results are kn0wn.l 
(3) i : Zp *F is (r(p), I)-absolutely summing, where y(p) = 
max(p, 2), I <p < CO [8, Theorem 11. 
(4) i : II--+ I” is ((2p/3p - 2), I)-absolutely summing if 1 <p < 2, 
[4, p. 330; 6, p. 165 for the cases p = 2, p = 4/3; 12, p. 82, 11. 
pp. 315-316 for the casep = 21. 
The purpose of this paper is to study the general case, i : 1” -+ P, 
I < p < q < a, and we begin by showing that i : 1~ -+ 12, 
1 < p < 2, is (p, I)-absolutely summing. An immediate consequence 
is the fact that a (p, I)-absolutely summing operator, p > 1, need 
not have the Dunford-Pettis property, which observation answers a 
question raised by Pelczynski [lo, p. 471, problem 81. (Recall that a 
Dunford-Pettis operator is one which maps weakly convergent sequen- 
ces into norm convergent ones.) Using the foregoing result and (3), 
a simple interpolation technique shows that i : lp -+ b, 1 < p < q < 2, 
is (2pq/(pq - 2p + 2q), I)-absolutely summing; the summing prop- 
erties of general inclusion mappings are then deduced easily from 
this, 
The following basic facts, due to Kwapien [4, pp. 328-3291 and 
Pietsch [13, p. 3351 will b e used frequently in the sequel. 
(5) The composition of a (p, q)-absolutely summing operator 
with a bounded linear operator is again (p, q)-absolutely summing. 
(6) If r > p and 1 < s < q, then every (p, q)-absolutely 
summing operator is (r, s)-absolutely summing. 
(7) Ifs>q and l/s+ I/p- l/q> l/r>O, thenevery(p,q)- 
absolutely summing operator is (r, s)-absolutely summing. 
2. THE MAIN RESULT 
THEOREM. (i) If 1 < p < q < 2, then i : lp -+ Zq is 
(2pq/)pq - 2p + 2q), I)-absolutely summing. 
’ It is interesting to note that Littlewood’s result (for p = 2), together with Hijlder’s 
inequality, implies all of (3) and (4). 
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(ii) If l<p<2<q<co or 2<p<q<oo, then 
i : lp --+ P is (p, I)-absolutely summing. 
(iii) These results are best possible.2 
Proof. (i) 0 1 r icz’s result (3) tells us that (i) holds in the extreme 
case, q = p. We begin by establishing the other extreme case, q = 2, 
and then obtain the intermediate results for p < q < 2 by means of a 
simple interpolation technique. 
Thus, if aci) E P, i = 1, 2 ,..., with 
g1 j(aci), x)1 < 00 whenever x E l*‘*, 
it is sufficient, by (2), to show that CT=, /I ati) 11; < co. Now 
(8) 
-fl 11 .(i) 11; = f (f 1 aj(i) 12)“’ = El gl 1 Q I2 (f 1 at’ 12)(p-2)‘2 
i=l j=l k=l 
= g1 z1 , .ji) 12b1) . / .ji) 12(2-d (f ( ajp ,2)(D-2)'2 
k=l 
by Holder’s inequality. 
Applying Holder’s inequality again, we have 
El II di) II;. (9) 
To estimate the first quantity we let A denote the infinite matrix 
whose ith row is afi), i = 1, 2,... . It follows from (8) that A : P* ---f I1 
and so, by the first assertion of Theorem 12 of [I] (with q = 2 and 
p replaced byp*), we have 
a In the sense that if T < 2pq/(pq - 2p + 2q) in (i), or r < p in (ii), then i is no 
longer (r, I)-absolutely summing. 
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To estimate the second term, we choose x E P* (so that, by (8), 
the matrix A. x = {cz~~‘x~}& maps m into P) and proceed as follows. 
by Schwarz’s inequality, 
=~l(flu)‘xj12)’ <Co, 
j=l 
by the first assertion of Theorem 11 of [1] (with p= 1, 4 = 2). 
It follows from Landau’s theorem (see [3, p. l] that) 
(11) 
and (9)-( 11) establish the extreme case, Q = 2, of (i). 
Unfortunately, the previous argument holds only when Q = 2; 
for more general values we use the following interpolation technique 
(which should be contrasted with the rather technical argument 
given by Kwapien in [4] for the case p = 1).3 
Suppose that ali) E P, i = 1, 2,..., and that (8) holds. Then 
= g1 ( 5 1 $) /R)2p’(p*-2p+2q) 
i=l 
= g1 (i , .ji) 12(n-P)/(2-P) . , .j(i) ,P(2-qM2-P))2p'~pq-2p+2*) 
G Fl (f+ 1 a?) 12) 
2p(q-p)l(pp-2p+2q~(2-P) 
2p(2-n)l(Pn-2P+2q)(2-P) 
-(p&I”) ) 
3 See also the remarks at the end of the paper. 
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by Holder’s inequality, 
again by Holder’s inequality, 
< co, by the extreme cases 9 = 2 and q = p. 
(ii) If I <p < 2 < 4 ,( CO, then i : Ix, --f Iq, regarded as a 
composition of the two injections 1~ + l2 and l2 + P, is (p, I)-absolute- 
ly summing by (5) and part (i) (with q = 2). If 2 ,< p < q < 00, then 
i : 1~ + In, regarded as a composition of the two injections 1~ + 1~ 
and IP -+ P, is (p, I)-absolutely summing by (3) and (5). 
(iii) To show that the exponent 2pq/(pq - 2p + 2q) in part (i) 
is the best possible, we use an idea of Pelczynski [4, p. 3321. Let 
fl ,..., fin be the first 2” f unctions of the orthonormal Walsh system 
on the interval [0, I] (see [3]). For i, j = 1, 2 ,..., 2”, fi takes a constant 
value, say af) (= +I), on the interval ((i - 1)/2”, i/2”). Putting 
adi’ = 0 whenever i > 2” or j > 2”, we suppose that the mapping 
i : 1~ -+ 29 is (r, 1)-absolutely summing. It follows from (2) that there 
is a constant M, independent of n, such that 
But 
by Jensen’s inequality, 
by Holder’s inequality. 
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Consequently, 
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(13) 
Furthermore, 
From ( 12)-( 14) we have 
2-P ;+;a+~’ 
so that Y > 2pq/(pq - 2p + 2q). 
For the remainder of (iii) we merely have to note that, for 
1 <p<q<m,i:lp + IQ can never be ‘better’ than (p, I)-absolutely 
summing. To see this, suppose that i is (r, I)-absolutely summing 
where 1 < r < p. By (7) i must also be pr/(p - r), p/(p -- l))- 
absolutely summing. Now let e(‘l) E ZP, i = 1, 2,..., be defined by 
eo) = {Sji}j”cl . Then, for each n, we have 
Yet 
It follows that (p - r)/pr < 0, so that Y 3 p. 
Our next result settles a problem raised by Pelczynski [ 10, p. 471, 
problem 81. 
COROLLARY I. For each p > 1, there exists a (p, 1)-absolutely 
summing operator which does not have the Dunford-Pettis property. 
Proof. i : I” ---f Z2, 1 < p < 2, is not a Dunford-Pettis operator. 
Remark 1. Corollary 1 can be improved slightly as follows. 
Letting {~,}~=r be defined by 
viz = 1 + l/2 + ... + l/n (n = 1, 2,...), 
we see that 
0 <%z <%I+1 and (n + l)P, 2 ~P,+,(~ = 1, L-h 
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so we may consider the Banach space m(p)) of Sargent [14, p. 1621, 
where 
By Lemma 12(b) and (c) of [14], we have 
~1 c m(p)) c n ZP. 
lJ)l 
Moreover, the natural injections, 
m(p) + zfl (P > 117 
are all continuous by the closed graph theorem. It then follows from 
our theorem and (5) that the injection i : m(9)) -+ Z2 is (p, I)-absolutely 
summing for everyp > 1. However, it can be shown that the coordinate 
vectors (e(i)j& are weakly convergent to zero in m(q), so that i is not 
a Dunford-Pettis operator. Combining these observations with (7) 
we have the following corollary. 
COROLLARY 2. There exists an operator T, between Banach spaces 
X and Y, which is (p, q)-absolutely summing whenever p > q 3 1, yet 
which does not have the Dunford-Pettis property. 
Of course, if p = q, then T must have the Dunford-Pettis property 
[13, p. 3431. 
Remark 2. Kwapien [4, Theorem (1 .I)] has shown that every 
operator from 1 l to Zp, 1 <p < 2, is (2p/(3p - 2), 1)-absolutely 
summing, and it is natural to ask whether our theorem can be so 
extended. That this is not the case can most readily be seen by means 
of the following argument. 
Suppose that every operator from I”, 1 < p < 2, to Z2 is (r, l)- 
absolutely summing. By mimicking the ideas of Theorem 4.1 of [S], 
it is then possible to show that every operator from an gp-space to 
12 is (r, 1)-absolutely summing;4 in particular, every operator from 
P([O, 11) to 12 is (r, 1)-absolutely summing. By Proposition 5 of 
[9], Lp([O, 11) contains a complemented copy of Z2, and it follows that 
every operator from Z2 to Z2 must be (r, I)-absolutely summing. But by 
part (iii) of the preceding Theorem (with p = q = 2) this last state- 
ment is true only when r >, 2. 
4 See [5, p. 2831 for the definition of an 9P-spate. 
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